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Plausibility measures are structures for reasoning in the face of uncertainty that generalize proba¬ 
bilities, unifying them with weaker structures like possibility measures and comparative probability 
relations. So far, the theory of plausibility measures has only been developed for classical sample 
spaces. In this paper, we generalize the theory to test spaces, so that they can be applied to general 
operational theories, and to quantum theory in particular. Our main results are two theorems on when 
a plausibility measure agrees with a probability measure, i.e. when its comparative relations coincide 
with those of a probability measure. For strictly finite test spaces we obtain a precise analogue of the 
classical result that the Archimedean condition is necessary and sufficient for agreement between a 
plausibility and a probability measure. In the locally finite case, we prove a slightly weaker result 
that the Archimedean condition implies almost agreement. 


1 Introduction 

It is often stated that a physical theory must (at least) supply probabilities for the outcomes of experi¬ 
ments, but are probabilities strictly necessary, or can we sometimes get away with a weaker predictive 
structure? Recent years have seen a growth of interest in theories that are variously called possibilistic 
mm, modal m [2511261, or relational |1], in which the continuum of probability assignments is 
replaced by a two valued assessment of whether or not an outcome is possible. 

If we are serious about using such weaker structures in fundamental physics, then we need to employ 
a theory that is capable of reproducing probabilistic predictions where they are known to work well, 
i.e. in most ordinary experiments in quantum theory and statistical mechanics, but allows for weaker 
predictions in general. In the classical case, the theory of plausibility measures ifTOl [TTl [T5l [141 can 
play this role. Both possibility and probability measures are examples of plausibility measures, but 
in general plausibility measures allow for comparative assessments, i.e. we may be able to say that A is 
more likely than B, without specifying a precise numerical probability for either. Possibility measures are 
obtained when there are only two plausibility values and, as we know from the foundations of subjective 
probability theory Q, a probability measure can be derived when the ordering relation over events is 
rich enough. Plausibility measures are therefore a good framework for unifying and generalizing the 
various predictive structures that could be applied to physical theories, but, so far, they have been limited 
to classical theories. 

In this paper, we generalize the theory of plausibility measures to test spaces, which are capable 
of representing nonclassical theories such as quantum theory. The fundamental question we address is 
when a plausibility measure agrees with a probabilistic state on the test space, i.e. when the comparative 
relations are rich enough to be faithfully represented by probabilities. For finite test spaces, we prove 
a precise analogue of the classical result that the Archimedean condition is necessary and sufficient for 

*Research at Perimeter Institute is supported in part by the Government of Canada through NSERC and by the Province of 
Ontario through MRI. TF is supported by the John Templeton Foundation. ML is supported by the Foundational Questions 
Institute (FQXi). 


Submitted to: 
QPL 2015 



2 


Plausibility measures on test spaces 


agreement ifTSl 1271 171. For locally finite test spaces, we prove that the Archimedean condition implies 
a weaker notion called almost agreement. This is an important first step in the program of generalizing 
physics beyond probabilities, as it enables us to identify the limits in which probability theory applies. 

Before embarking on the study of more general predictive structures, it is worth mentioning at least 
one of the motivations. It has been argued that argued that, along with spacetime, probabilities will 
inevitably become fuzzy in future theories of quantum gravity ||2l[3l|20l. One proposal for implementing 
this is to discretize the state space of quantum systems so that, for example, a system with a finite 
dimensional Hilbert space, such as a spin-1 /2 particle, would only be able to occupy a finite number of 
states ||2l. This violates the superposition principle and raises problems such as how the system decides 
which state to “snap to” when an observable is measured for which the eigenvectors are not allowed 
states. 

However, from a test space perspective, the state space of a theory is derived from the attempt to con¬ 
sistently assign probability measures to the outcomes of measurements, such that outcomes of measure¬ 
ments that are physically identified are always assigned fhe same probabilify. For example, in quanfum 
fheory, Gleason’s fheorem ifTSl says fhaf any such assignmenf can be represenfed by a densify operator 
on Hilberf space. If we no longer have fhe confinuum of probabilify assignmenfs, fhen we no longer have 
fhe righf to assert fhaf fhe sfafe space of a quanfum sysfem musf be a Hilberf space, lef alone a discrefe 
collection of vectors wifhin one. In our view, if we are inferesfed in employing fuzzified probabilifies in 
physics, if is heller to slarl again from scralch wilh a well-defined discrefe predicfive slruclure, such as a 
possibility measure or a comparalive plausibility measure, and lef fhe fheory fell us whaf fhe slate space 
musf be. This is likely fo lead to a more consisfenl fheory, wilhoul fhe need fo inlroduce arbilrary rules 
for how syslems are updafed upon measuremenl. The presenl work can be viewed as an alfempf fo lake 
fhe firsl few steps along Ihis road. 

The remainder of Ihis paper is slruclured as follows, ^inlroduces fhe definilions of lesl spaces and 
plausibility measures, and gives examples, ^defines various nofions of agreemenl belween plausibilily 
measures and probabilify measures and sfafes fhe main resulls. |4] develops a Hahn-Banach fheorem for 
order unil spaces, which we fhen use in ^fo prove fhe main resulls. ^discusses relaled work and 0 
concludes wilh a discussion of possible fulure direclions. 

2 Plausibility measures on test spaces 

Inluilively speaking, a lesl space is a generalization of a measurable space, designed fo allow for incom¬ 
patible evenls fhaf cannof be resolved in a single experimenl. If has ifs origins in fhe work of Foulis and 
Randall l|9j|23l (see ll29l for a review). 

Definition 2.1. A test space {X,L) consisls of a sel X logelher wilh a sel of subsefs £ C 2^ such fhaf fhe 
members of £ cover X, i.e. Urex T =X. 

The elemenls of X are called outcomes, while fhe elemenls of £ are fhe tests. Each lesl represenls fhe 
sel of possible oulcomes of a measuremenl fhaf can be performed on fhe sysfem. A subsel A C A is called 
an event if if is a subsel of some lesl. The assumpfion fhaf £ covers X can be rephrased as slating fhaf 
every singleton sel {x} is an evenl. We write E{X,L) for fhe sel of all evenls. Under subsel inclusion, 
£'(A,£) is a parlially ordered sel wilh 0 as Ihe leasl elemenl and all lesls as maximal elemenls. 

Example 2.2. For a classical system wilh a finite sample space X, Ihe lesl space is (A, {A}), i.e. Ihere 
is only one lesl lhal conlains all possible oulcomes. A consisls of all Ihe possible configurations of 
Ihe system and ils elemenls can, in principle, be resolved by a single measuremenl. The evenls are 
E(A,{A})=2^ as Ihey would be in classical probability Iheory wilh a finite sample space. 
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Example 2.3. For a quantum system with finite dimensional Hilbert space the test space is 
b{M’)), where is the projective Hilbert space of or equivalently the set of unit vectors in 

with vectors differing by a global phase identified, and is the set of rank-1 projector valued 

measures, or equivalently the set of orthonormal bases of Jif with basis vectors identified if they differ 
by a global phase. Each test represents a measurement on the system that is as fine-grained as possible. 
Events correspond to projection operators that may be of higher rank. 

Definition 2.4. A test space {X,L) is locally finite if every test E G £ is finite. 

In what follows, all test spaces are assumed locally finite. This includes finite classical systems and 
quantum systems with finite dimensional Hilbert spaces. Note that the outcome set X can be infinite in a 
locally finite test space if there are an infinite number of tests, as there are in the quantum case. 

Definition 2.5. A probability measure on a test space {X,L) is a function p : X ^ M>o such that 
HxerPix) = 1 for every test T G £. 

A probability measure can be extended to a function E{X,L) —)■ M>o, which we also denote p, via 
=Lx£AAtW- 

Note that the same outcome may appear in more than one test in a test space, e.g. {{x,y,z}, {{x,y}, 
{y,z}, {z,x}}). This means that, for whatever reason, the outcome x is thought to have the same physical 
meaning regardless of whether it appears in test {x,y} or {z,x}. Since pis a function of X, the probability 
assigned to an outcome does not depend on which test is being measured. This feature is often called 
noncontextuality of probability assignments. 

Example 2.6. A probability measure on a classical test space (X, {X}) with finite X is just a probability 
measure on (X,2^) in the sense of classical probability theory. 

Example 2.7. By Gleason’s theorem llT3l . for a Hilbert space with Aim{M’) > 3, a probability mea¬ 
sure on the quantum test space {P{J^),b{Jif)) is of the form 7 t(n) = tr(np) where H is a projection 
operator and p is a density operator (semi-positive operator with tr(p) = 1). 

Note that a probability measure is usually called a state in the test space literature since, in the 
quantum case, it corresponds to the usual notion of a quantum state. However, plausibility measures 
have equal claim to be thought of as physical states, so we do not use this terminology here. 

Definition 2.8. A plausibility measure on a test space (X, £) is a function PI: E (X, £) ^ D, where (D, A) 
is a partially ordered set of plausibility values, satisfying the following conditions: 

(a) Eor all T,R G I, Pl(r) = Pl{R). 

(b) If A and B are events with A FB, then P1(A) A P1(B). 

(c) Eor any T G I, P1(0) A Pl(r). 

Here, we write “P1(0) A Pl(r)” as shorthand for “P1(0) A Pl(r) and Pl(r) P1(0)”. 

This definition is the natural generalization of a classical plausibility measure ITOl fTTl [151 to test 
spaces, and we recover the classical case for the test space (X,{X}). Axiomis not always imposed, 
but it prevents the trivial case where every event has the same plausibility. 

Under these axioms, the image of PI is a bounded poset with minimal element P1(0) and maximal 
element P^T), where T G £ is any test. Because of this, without loss of generality, we may assume that 
D is a bounded poset, with minimal element 0 and maximal element 1, and demand that P1(0) = 0 and 
Pl(r) = 1 for any test T G £. Axiomthen becomes 0 7^ 1. 

Example 2.9. If D = {0,1} with 0 A 1, then PI is a possibility measure. 0 is interpreted as impossibility 
and 1 as possibility. Note that, given any plausibility measure PI, we may derive a possibility measure 
Po from it by setting Po(A) = 0 if P1(A) = 0 and Po(A) = 1 otherwise. 
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Example 2.10. Any probability measure p on a test space is also a plausibility measure, where the 
plausibility values are the unit interval [0,1], which is totally ordered. 

Example 2.11. One way in which plausibility measures can arise is if we have a set {/r,} of possible 
probability measures on a test space, but no prior probability distribution over them. One can then set 
P1(A) A P1(B) iff ft, (A) < Pi{B) for every measure in the set. 


3 Agreement 


We are interested in determining the conditions under which a plausibility measure can be faithfully 
represented by a probability measure. In the classical case, this question has been studied extensively 
fT|, from which we adapt the following definitions. 

Definition 3.1. A plausibility measure PI on a test space (2f ,£) agrees with a probability measure ft if 


P1(A) A P1(B) 

PI almost agrees with ft if 

P1(A) A P1(B) 

Note that eq. ([ll) is equivalent to 


ft(A) <ft(B). 
ft(A) <ft(B) 


P1(A) A P1(B) 


ft(A) <ft(B). 


( 1 ) 

( 2 ) 

(3) 


Agreement implies that the image of PI is totally ordered. In contrast, almost agreement is quite 
weak as, not only does it not imply total ordering, but it also allows ft (A) = 0 when P1(A) A 0. 

Example 3.2. Finding a ft that agrees with PI is not always possible. For instance, the test space 
({x,y,z}, {{v,y}, {y,z}, {z,x}}) has a possibility measure defined by Pl(x) = 0, Pl(y) = 1 and Pl(z) = 1, 
with the assignments to other events entailed by axiom |(b)[ However, there is no probability measure 


with ft (x) =0 and both ft (y) >0 and ft (z) > 0. This is because we must have ft (x) + ft (y) = 1 and 
ft (y) + ft (z) = 1, but these assignments would imply ft (x) + ft (y) = 0 + 1 — ft (z) < 1. 

Example 3.3. Even in the classical case, agreement is not always possible, as was shown by Kraft, Pratt 
and Seidenberg flSl . For the test space ({1,2,3,4,5}, {{1,2,3,4,5}}), consider the following relations 
between plausibility values 


P1({1,3}) aP1({4}), (4) 

P1({1,4}) aP1({2,3}), (5) 

Pl({3,4}) aP1({1,5}), (6) 

Pl({2,5}) aP1({1,3,4}). (7) 


If there exists a probability measure ft that agrees with these assignments then, denoting p{j) by pj, 
because of additivity we must have 


fti+ft3<ft4, (8) 

fti+ft4 <ft2 + ft3, (9) 

ft3+ft4 <fti+ft5, (10) 

ft2+ft5 <ftl+ft3+ft4, (11) 


but summing these inequalities and cancelling terms leads to 0 < 0, so no such probability measure 
exists. 
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Clearly then, the existence of an agreeing probability measure requires additional constraints to be 
imposed on plausibility measures. One such condition is as follows. Let (Ai,... ,A„) and (Bi,... ,B„) 
be families of events such that every outcome in X occurs the same number of times in both, then, for a 
probability measure 

At(Ai) < At(fii), => At(A„) >^(B„). 

Consequently, in order for a plausibility measure to agree with /i, it must satisfy the analogous condition: 

Pl(Ai) APl(Bi), ..., Pl(A„_i) APl(B„_i) ^ P1(A„) AP1(B„). (12) 

Definition 3.4. A plausibility measure on a test space {X , £) is Archimedeai^ if it satisfies eq. (flih for 
every pair (Ai,... ,A„) and (Bi,... ,B„) of families of events such that every outcome in X occurs the 
same number of times in both. _ 

Example 3.5. The plausibility measure in Example l3.2l is non-Archimedean. Consider the families of 
events ({y,z}, {x,z}, {x}) and {{x,y}, {x,z}, {z}) in which x, y and z appear the same number of times. 
The possibility measure with Pl(x) = 0, Pl(y) = 1 and Pl(z) = 1 satisfies 

pi({az}) ^ ^ (13) 

but Pl(x) ^ Pl(z)- 

Example 3.6. For Example [ tI, the families ({1,3}, {1,4}, {3,4}, {2,5}) and ({4}, {2,3}, {1,5}, {1,3,4}) 
fail the Archimedean condition. 

In our terminology, a classic theorem in comparative probability lH^irTH Tl states 
Theorem 3.7. A plausibility measure PI on a finite classical test space (X, {X}) agrees with some prob¬ 
ability measure p iff the image o/Pl is totally ordered andPl is Archimedean. 

Our task is to generalize this to locally finite test spaces. This works perfectly for test spaces with 
finite X, but so far we have only been able to prove a weaker result in the locally finite case. 

Theorem 3.8. A plausibility measure PI on a locally finite test space (X,r) almost agrees with some 
probability measure p if PI is Archimedean. 

Theorem 3.9. A plausibility measure PI on a test space (X,r) with X finite agrees with some probability 
measure p iff the image ofP\ is totally ordered and PI is Archimedean. 

Unfortunately, we do not know whether the stronger result still holds for general locally finite test 
spaces, but it seems likely that additional topological assumptions may be required. 

Our proof strategy is to translate the problem into the language of order unit spaces over the rational 
field and make use of the associated Hahn-Banach theorems. Before proceeding, we therefore review 
some of this theory. 

4 Hahn-Banach theorems for order unit spaces 

Here we redevelop two standard Hahn-Banach theorems for order unit spaces (see e.g. lIlH) with minor 
modifications. Eet U be a vector space over an ordered field F. A subset C C U is a convex cone if it is 
closed under addition and positive scalar multiplication, 

a ^ C .j b ^ C a F b ^ C AGF>o,r?GU ^a ^ C . 

If the convex cone C is clear from the context, then we also write a>b as shorthand for a — € C. It is 

straightforward to see that ‘>’ defines a partial ordering on V with a > 0 if and only if a €C. 

'This is sometimes also called strong additivity in the literature. 
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Definition 4.1. An order unit space is a triple (V,C,u) such that C C 1/ is a convex cone and m > 0 is a 
distinguished element called the order unit such that 

(a) —u ^ 0, 

(b) For any a & V, there is A € F such that Am + a > 0. 

Axiom [(b)] states exactly that every a £V can be lower bounded by a scalar multiple of u. 

Definition 4.2. A probability measure p on an order unit space (F, C, u) is a linear functional p : F ^ M 
with p(a) > 0 for a > 0 and p(m) = 1. 

Note that the standard terminology for such a functional is “state”, but we prefer “probability mea¬ 
sure” for the sake of consistency with our test space terminology. 

Theorem 4.3 (Hahn-Banach extension theorem). Let {V,C,u) be an order unit space. If U C F is a 
subspace with u ^U, then ((7,Cn U,u) is again an order unit space. Any probability measure o on U 
can be extended to a probability measure p on V, i.e. there is a probability measure p : F —M such that 
p\u = o. 

Proof. The claim that (f/,C fl U,u) is again an order unit space is straightforward to check; the non¬ 
trivial part is the second statement. In the following, we present the standard argument adapted to our 
particular situation. 

Consider the collection of all pairs (IF, p) where IF C F is a subspace with m € IF and p is a prob¬ 
ability measure on IF. This set is partially ordered by defining (IF,p) < iW',p') to mean that IF C IF' 
and p'lw = P- Since the hypothesis of Zorn’s lemma trivially holds, it follows that this partially ordered 
set has a maximal element. Likewise, if we consider only all the elements “above” the given ((/, a), then 
Zorn’s lemma still applies and we obtain that there exists a maximal element which is greater than or 
equal to (L, a). Let (VF,p) be such a maximal element. Then we have p\u = ohy construction. 

Our goal is to show that maximality implies IF = F. For if IF = F did not hold, then we could find 
M G F with M 0 IF, consider IF' := IF -|- Fa, and extend p to p': IF' —>■ M by choosing 


p'{a) G 


sup {-p{b)), inf p{b) 

b€W s.t. b+a>0 s-*- b-a>0 


(14) 


If the interval is non-empty, then we obtain p' : IF' —)• M by linear extension. So it remains to show 
that the interval is non-empty, and that the resulting p' is indeed a probability measure, since then we 
conclude (IF,p) < (IF',p') in contradiction with the maximality assumption. We start with the first. 
The supremum is not -|-oo since m G IF and there is A G F with Am -|- a > 0; likewise, the infimum is not 
—oo. It remains to be shown that its lower end is less than or equal to its upper end by showing that 
-P(^i) < pipf) for -fa > 0 and b2—a>0. But the latter two conditions imply that b\-\-b 2 ^ 0, and 
hence p{bi) + p{b 2 ) > 0 by the assumptions on p. 

Finally, we still need to show that p' is indeed a probability measure, i.e. that it is positive. But this 
is easy, since (fT4b was engineered to guarantee precisely this: any element c G IF' with c > 0 is a unique 
linear combination c = Xa + b with A G F and b ^W. For A = 0, we have p'(c) = p(c) > 0, since p 
is a probability measure. Otherwise, we can assume A = ±1 after rescaling. If A = -fl, then we have 
c = b + a>0, and the claim follows from p'{a) > —p (b). If A = — 1, then we have c = b — a, and the 
claim follows from p'{a) < p{b). □ 


Since there is a unique probability measure on the one-dimensional subspace U := Fm, we obtain 
immediately: 
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Corollary 4.4. There is a probability measure p : V —> M. 

Our goal in the following is to derive a refined version of this statement. 

Theorem 4.5 (Hahn-Banach separation theorem). Let {V,C,u) be an order unit space and a an 
element for which there exists n E N with a + ^ 0. Then there is a probability measure p : V ^ M 

with p{a) < 0. 


Proof. If a is a scalar multiple of u, then it must be a negative scalar multiple, and the claim follows 
from Corollary 14.41 Otherwise, the subspace U := Fn + Fa is two-dimensional, and this is the case that 
we consider from now on. 

By Theorem 14.31 it is sufficient to define p on U only. Obtaining such a p can be done as in the proof 
of Theorem 14. 3 1 there is a unique state on the one-dimensional subspace Fn, and we extend this state to 
U by finding a feasible value for p(a) and extending linearly. The interval of feasible values ([T4l) now 
becomes 


p{a) E 


sup inf A 

AeF s.t. lu+a>0 s.t. Xu-a>0 


and we have already shown above that this is a non-empty interval. However, we also would like to 
achieve p{a) < 0; in order for this to be possible, we need the lower end of the interval to be strictly 
negative, or equivalently 

inf A > 0. 

AgF s.t. Aw+t3>0 


But this is equivalent to the assumption of existence of an n E N such that ^u + a^O. 


□ 


5 Proof of main results 

Theorem 3.8. A plausibility measure PI on a locally finite test space (7f,r) almost agrees with some 
probability measure p if PI is Archimedean. 

Proof. Our strategy is to apply Corollary l4.4l to a suitably constructed order unit space. 

Let V be the rational vector space with basis X, i.e. the elements of V are finite Q-linear combinations 
of the outcomes. We write ex for the basis vector associated to an outcome x E X. If A is an event, then 
we also write eA as shorthand for Y^xeA^x- In particular, we have eg = 0. We define a convex cone C in 
this space as the set of all finite non-negative linear combinations of vectors of the form 


eA-CB (15) 

for all pairs of events A and B with P1(A) A P1(B). T he i dea here is that if we can find a vector u such 
that {V,C,u) is an order unit space, then, by Corollary 14.4 there exists a probability measure p : P —> M. 
This induces a probability measure p on the test space via p(A) = p{e a). 

In more detail, this works as follows: we fix a tesf T E £ and consider the distinguished element 
u := er, claiming that this u is an order unit. In order to show that it indeed is, we need to prove that any 
other vector Yx (^x^x can be lower bounded by a scalar multiple of u. If two vectors can be lower bounded 
by a multiple of u, then so can any positive linear combination of these vectors; therefore, it is sufficient 
to consider the case of a single basis vector ex or —ex. The first is trivial: with A = {x} and B = tb, the 
inequality > 0 is itself an instance of (fTSl) . For the second, choose a test S E £ with x E S. Then 
—ex > —es is again an instance of ([T5]) . since P^^) ^ Pl({x}). Moreover, since all tests have plausibility 
1, we also have —es > -ej = —u as an instance of (fTSl) . In conclusion, we obtain —ex > —u. 
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In order to complete the verification of the order unit space axioms, we still need to make sure that 
—u ^ 0, i.e. that —ej is not a positive linear combination of vectors of the form (fTSl) . This is where the 
assumption that PI is Archimedean comes in. In fact, we will prove something more general: if A and B 
are events with P1(A) ^ Pl(fi), then ca — cb is not in our convex cone; the statement —n ^ 0 is then the 
special case with A = 0 and B = T. So assume that ca — cb is in our convex cone. This means that there 
are events (Ai,... ,A„) and (Bi,... ,B„) such that 


eA-eB = - eB,), (16) 

i 

where A-/ ^ 3.rici ^ Writing e&eh in lowest terms ns A/ ^ ^if nnd multiplying ec[. © 

by N, where N the least common multiple of the gives 

Nca -Ncb = n{ ca, -eB,), (17) 

i 

where each r,- is a positive integer. Defining the list (Aj,... ,A^) so that the first ri events are Ai, the next 
r 2 events are A 2 , etc., and similarly for {B[ ,... ,B'^), we obtain the decomposition 

NeA-NeB = YieA’-eB',), ( 18 ) 

i 

or equivalently 

YeB’+NeA = Y^A'.+NeB. (19) 

i i 

If we construct the lists {A\ ,... ... ,B) and {B\,B'^,A,... ,A) by appending N copies of B and 

A to the end of the lists (A^,... ,A|,j) and {B\ ,... ,B'„) respectively, then eq. m says exactly that each 
X €X occurs the same number of times in these two lists. By construction we have Pl(A') A Pl(Bj) and 
P1(B) P1(A). But applying the Archimedean property of eq. (flil) then gives P1(B) ^ P1(A), which is a 

contradiction. □ 


Theorem 3.9. A plausibility measure PI on a test space {X , £) with X finite agrees with some probability 
measure p iff the image of PI is totally ordered and PI is Archimedean. 


Proof. The only if part follows from the properties of probability measure s, so we focus on the if part. 

For finite X, the convex cone constructed in the proof of Theorem l3.8l is finite-dimensional and 
polyhedral. Hence by Theorem 14.51 (or simply Farkas’ lemma), any point outside of the cone can be 
separated from the cone by a probability measure. In particular, this applies to the vector oa — cb for any 
pair of events with P1(A) ^ P1(B), which we previously proved to be outside of the cone. So let Pa,b be 
such a probability measure with pA,B{eA — cb) < 0. We then consider the new probability measure 


p''-='n 


Pa.b, 


A,B s.t. P1(A)^P1(B) 


where N is the appropriate normalization factor equal to the number of terms in the sum. We claim that 
p'{eA — cb) < 0 for any A and B with P1(A) ^ P1(B). For any two pairs of events A,B and A',B' with 
P1(A) ^ P1(B) and P1(A') ^ Pl(B')’ ^e have pA',B'{eB — ^a) > 0 since eB — eA>0 and Pa',b' is a positive 
functional. By linearity, we then have Pa',b' {ca — ^b) = —Pa'.b' {eB — ^a) < 0. But since Pa b (^a — < 0 
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by definition, we obtain the claim. Setting /i(A) = p{eA) results in a probability measure on the test space 
which satisfies 

P1(A)AP1(B) ^ ir{A)<p{B), 

P1(A) ^ P1(B) ^ FiA)< piB). 

To see thaf p also satisfies the converse implication, we make use of the assumption of total ordering. 
We know that, for every pair of events A and B, either P1(A) A P1(B) or P1(B) A P1(B), and that this is 
reflected in the constructed probability measure p. Therefore, whenever ft (A) < p{B), this necessitates 
P1(A) A P1(B). □ 

6 Related work 

The use of ordering relations rather than precise numerical probabilities has a long history in the foun¬ 
dations of probability theory, particularly in the intuitive probability of Koopman ifTTl and in subjective 
Bayesian probability |l6l|22l. The notions of agreement and almost agreement used in this work are 
derived from the literature on axiomatizing subjective probability in these terms (see fT] for a review). 
Most of this literature assumes a total ordering, but see IThl for early arguments that a partial ordering 
should be used instead. 

The notion of a plausibility measure is due to Friedman and Halpern ifTOlfTTlfTSll . Their work was 
aimed at providing a unifying framework for various mathematical structures that had been proposed 
for reasoning in the face of uncertainty in artificial intelligence, such as probabilities and Dempster- 
Shafer belief functions 1411281. In doing so, they effectively reinvented earlier theories of comparative 
probability theory |21, except with partial rather than total ordering, and in a far more elegant formalism. 
We have followed their notations here. 

On the quantum side, Foulis, Randall and Piron investigated the notion of supports on test spaces 
10, which in our terminology are just possibility measures on test spaces. A plausibility measure on a 
test space is a generalization of this, and can be viewed as a way of unifying it with the usual notion of a 
probability measure, or state, on a test space. 

More recently, there has been much interest in applying possibilistic measures in the foundations of 
quantum theory. One of the authors of the present paper has investigated possibilistic hidden variable 
theories IT^ . This was followed by work of Abramsky |T|, investigating the logical structure of non¬ 
locality and contextuality using possibility measures. As both possibility and probability are special 
cases of plausibility, plausibility measures have the potential to unify Abramsky’s approach with the 
conventional account of these phenomena in terms of probabilities. 

Finally, Schumacher and Westmoreland have developed a version of quantum theory on vector spaces 
over finite fields, which they call modal quantum theory Il24ll25ll26l . They get around the problem of 
having no inner product on such spaces by basing their theory on possibilistic assignments rather than 
probabilities. They have noted that not all of the possibility measures in their theory can be represented 
by probabilities ll^l26l (i.e. that they don’t agree with any probability measure in our terminology) and 
raised the question of how such cases c ould be identified. The Archimedean condition can certainly be 
used for this as, in particular. Example l3.2l occurs in their theory for a modal quantum bit. However, 
this does not yield an efficient algorithm for checking agreement, as one potentially has to consider all 
possible families of events. Employing the order unit space construction directly may be preferable. 
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7 Conclusion 

In this paper, we have taken the first steps in developing the theory of plausibility measures for general op¬ 
erational theories, which include quantum theory as a special case. We have shown that the Archimedean 
property, which successfully identifies when classical plausibility measures agree with classical proba¬ 
bility measures, is still useful in general theories. In particular, for theories based on strictly finite test 
spaces, such as Schumacher-Westmoreland modal quantum theory, it provides a necessary and sufficient 
condition for agreement. For locally finite test spaces, we have shown that it is sufficient for almost 
agreement, but it is possible that this might be improved. 

There are many potential applications of plausibility measures, some of which will be developed in 
future work. In particular, they can be used to unify possibilistic and probabilistic approaches to phenom¬ 
ena in quantum foundations, such as nonlocality and contextuality. Additionally, in quantum information 
science, there are many applications in which reasoning with qualitative comparisons rather than precise 
numerical probabilities may be beneficial. For example, perhaps quantum cryptography protocols can 
be proved secure using only a few comparative assessments, or perhaps algorithms for numerically sim¬ 
ulating quantum systems can be rendered more efficient by only tracking qualitative information, such 
as whether or not the system is close to being in an eigenstate of some set of observables. The latter 
would be analogous to the classical artificial intelligence applications for which Friedman and Halpern 
originally invented plausibility measures llT4l . 

More speculatively, plausibility measures offer the possibility of developing future theories of physics 
using a weaker predictive structure than probability, whilst still allowing for precise probabilities in an 
appropriate limit. This might be necessary in future theories of quantum gravity. 
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